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Abstract. In this paper, we shall use the Kahler geometry formulation 
to study the global behavior of the Ricci flow on . The geometric fea- 
ture of our Ricci flow is that it has finite width. Our aim is to determine 
the limiting metric (which corresponds an eternal Ricci flow) obtained 
by L.F.Wu. We can use the classification result of Daskalopoulos-Sesum 
to give a sufficient condition such that the limiting metric of L.F.Wu is 
the metric of cigar soliton. 
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1. Introduction 

In this paper, we study the stabihty of Hamilton's cigar soHton of the 
Ricci flow in B?". 

(1) dtg{t) = -2Rc{g{t)), 

with the initial metric g{0) of bounded curvature. The local existence of the 
flow on a complete non-compact Riemannian manifold has been proved by 
W.Shi in [lOj (and see [11] for the local derivative estimates via the maxi- 
mum principle method). Ricci flow on can be considered as a degenerate 
diffusion [3j. In the works [9j and [12j, there are interesting results about the 
global Ricci flow on R^. In particular, in [12j, the global Ricci flow on R^ 
is proved provided the initial complete metric has bounded curvature and 
bounded quantity \dlogtrg^g{0)\gi^Q'j, where gE is the standard Euclidean 
metric on R^ (and we shall always these two conditions are true). Further- 
more, when the initial metric has positive curvature and finite circumference 
at infinity, then the flow converges to the cigar metric at the time infinity. 
Recall here that the circumference at infinity of the Ricci 2-manifold (i?^ , g) , 
which is defined as 

Coa{g) = sup inf {L(3Z)); for any compact K and open D, K cDc R^}. 

K D 

One may find more references about recent development of Ricci flow in R^ 
in [1] [5j [7j [8j. The aim of this paper is to extend the above result of L.F. 
Wu without the positive curvature assumption. 

We now define the width of the evolving metric g = g(t). Let F : R^ ^ 
[0,oo) be a proper function F, such that F~^{a) is a compact subset of R^ 
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for every a G [0, oo). The width of F is defined to be the supremum of the 
lengths of the level curves of F, namely, 

w{F) = supL(F = c). 

c 

The width w{g) of the metric g is defined to be the infimum 

wi^g) = inf 'w{F). 

We now recall some well-known formulae. In dimension two, the Ricci 
curvature of the Riemannian manifold {M'^,g) is 

Ric{g) = Kg, 

where K = K{g) is the Gauss curvature of the metric g. Let R{g{t)) be the 
scalar curvature of the metric g{t). Then R{g) = 2K(g) and the Ricci flow 
in dimension two is reduced to the conformal flow 

dtgit) = -R{g{t))g{t). 

We are interested in the Ricci flow on = R?. Given a metric g^ on R? 
and let g{t) = u{t)gQ with u{t) > being a smooth function in R^. Then 

R{g{t)) = uit)'\-Ag, loguit) + Ro), 

where Ag^ is the Laplacian operator of the metric go with Analytist's sign 
and Rq is the scalar curvature of go. We simply write u = u{t), R = R{g(t)), 
etc, when the notations cause no confusion. In this case, the Ricci flow can 
be written as 

(2) ut = -Ru, in R^; u{0) > 0, 
which again can be written as 

(3) dtu = Ago logn(t) - Ro, in R^, u{0) > 0. 
Taking the time derivative of ([2]) we find that 

Rt = AgR + R^. 
Note also that the area element changes at the rate 

j^dA{g{t)) = -RdA{g{t)). 

Recall that the global existence of the Ricci flow under suitable geometric 
conditions has been studied by L.F.Wu |12j . To handle the convergence of 
the flow at time infinity, we need the following concept of convergence. 

Definition 1. The Ricci flow g{t) is said to have modified subsequence con- 
vergence, if there exists a 1 -parameter family of diffeomorphisms {^{tj)}(tj — )■ 
oo) such that there exists a subsequence (denoted again by tj) such that the 
sequence ^{tj)* g{tj) converges uniformly on every compact set as tj — )• oo. 

We then state the following result of L.F. Wu (see the main theorem 
in page 440 there). 
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Theorem 2. Let g{t) = c^^^^qe be a solution to (CP such that g{0) = e^°gE 
is a complete metric with bounded curvature and |Vno| is uniformly bounded 
on R^. Then the Ricci flow has modified subsequence convergence as tj — )• oo 
with the limiting metric goo being complete metric on R^ . Furthermore, the 
limiting metric is the cigar soliton if CooigiO)) < oo and g{0) has positive 
curvature. 

We point out that the diffeomorphisms ^(tj) used in Theorem [2] are of 
the special form 

— u{xq ,t) —u{xQ,t) 

^{t){a,b) = {e 2 a,e 2 b) = {xi,X2) = x, 

where xq = (0,0). The important fact for these diffeomorphisms is that 

|Vg(t)/(x,t)| = |V$(t).g(t)/((a,6),t)|. 

for any smooth function / and x = ^{t){a,b). Note that in the convergent 
part of Theorem O the hmiting metric corresponds an eternal Ricci flow 
9oo{t) on R? . In fact, it is proved in Theorem 2.4 in |12] that the curvature 
and jVitp of the global flow are uniformly bounded. According to the clas- 
sification result [3] [5], the limiting flow is cigar soliton provided the width 
of 500 is finite, i.e., w{goo) < 00. Our aim is to show this is true in certain 
circumstances. 

We shall assume that there is a potential function /(O) for the initial 
metric ^(0) in the sense that R{0) = Ag(o)/(0) in R^. It is clear that the 
potential function plus any constant is still a potential function. For the cigar 
metric gc = f^^'^yi , we have its potential function /o = log(l + + y^) in 
R^. the cigar metric has finite width, i.e., w{gc) < 00. We shall take go the 
cigar metric in our new result. 

We shall prove the following result. 

Theorem 3. Assume that the Riemannian manifold {R^,g{0)) has bounded 
curvature and bounded quantity \d\ogtrg^g{0)\g(^Q) in R? . Assume also that 
g{Q) = u{0)gc, where gc is the metric of cigar soliton and n(0) is positive 
function in R? such that logn(O) is also a bounded function (so g{0) has 
finite width). Suppose that the potential function /(O) 0/(7(0) satisfies that 
fo ~ /(O) G -L°°(i?^, 5(0)). Then the Ricci flow with the initial metric g{0) 
has global solution with its limiting metric at t = 00 the cigar soliton metric. 

Our result is different from the result of Hsu [9] , which is recoded in [7J . 
The result above can be considered as the stability property of cigar soli- 
ton. The global existence of the Ricci flow (and the limiting metric) follows 
from the work of L.Wu [12]. We just need to show that the width w{g{t)) 
is uniformly bounded. We shall use the Kahler-Ricci flow formulation [8] 
and the maximum principle trick [lOj to prove theorem above. One of the 
important observation in our argument of the result above is that for the 
function v = /(O) — /, it satisfies that 

(4) {dt - A)v = -A/(0) = -u-^u{0)R{0), in R^ x (0,oo) 
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with the mitial data v{0) = in R^. 

The structure of this paper is as follows. In the section [21 we recall Kahler 
geometry formulation of the 2-d ricci flow and prove some a priori estimates. 
In the section[3l we give the proof of theorem[3l Some well known facts about 
cigar metric is recalled in the last section. 

2. Kahler-Ricci flow formulation 

We shall use the Kahler-ricci flow formulation to study the Ricci flow on 
R^. We shall consider the Ricci flow ([2|) as the Kahler-Ricci flow by setting 

9ij = 90ij + didjcp, 

where (j) = (p{t) is the Kahler potential of the metric g{t) relative to the 
metric go. Note that 

5(0)ij = goij + didj(l)o, 
In this situation, the Ricci flow can be written as 

(5) 9t0 = 41og^^ll±^-4/o, m = 4>o, 

5011 

where /o is the potential function of the metric go in the sense that R{go) = 
Agg/o in R^. Such a potential function has been introduced by R.Hamilton 
in [6]. We remark that the initial data for the evolution equation ([5]) is 0(0) 
which is non-trivial. Note also that we have used the factor 4 in right side 
of dl]) which can allow us to use the usual Laplacian operator Riemannian 
geometry, for otherwise, we need to use the normalized Laplacian in Kahler 
geometry. 
Let 

/ = -M. 

Then, taking the time derivative of ([5]), we have 

(6) dtf = Agf, f{0) = -dtm- 

By this we can easily get The important fact for us is that 

(7) A J = R. 

To prove this, we recall some well-known results. Recall that any 2-d 
Riemannian manifold is a 1-d Kahler manifold. On a Kahler manifold of 
complex dimension n, the metric in coordinate expression is 

g = gfjdz^dz^ 

and the Ricci form is 

p = ^^^^^Rfjdz^ A dz^ = -V^did-jGdz' A dz^ 

with 

G=: G{g)=\ogdet{gf^). 
Then the Ricci curvature of g is 

R.-. = -2didjG 
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and its scalar curvature is 

R{g) = 2g^R,- = -A^G, 

where {g^^) is the inverse of the matrix {gij) and = ig^Widj is the 
Laplacian operator of the metric g. In the complex dimension one case, we 
have 

Kgn = Ru = -2didiG, 

where K is the Gauss curvature of the metric g. Then the Ricci potential 
function is / = —G. 
For the cigar metric 



on R^, we have 



1 + 1^1 

1 11 

1 + z 



and 



G = -log(l + |z|2). 

2 

l+lzP ' 1+|2|' 



Then R = tttti^, K = ttt^, and 



^9U = , I ,2^2 = 25iai log(l + 



2 

Hence 

/(z) = -G = log(l + |z|2) 

is the Ricci potential of the metric g. 
We now prove ([7]). Note that 

Rgn = 2i?ij = -49i5iG. 

Applying didi to ([5]) we obtain that 

-4d,dif = 4didiG - 4didiG{go) - 49i9i/o. 

Taking the trace with respect to gii we have 

-Agf = -R+ i(i?o - A^Jo) = -R, 
which is d?]). Here we have used that 

(8) := A = u-^Ag^ 
and 

(9) Ro = Agjo. 

It is well-known [T2] that R is uniformly bounded in any finite interval 
and \ft\ and |V/p are bounded for each t >0. 
Using ([8]) and ([9]), we can write ^ as 

(10) (logn-/o)t = A(log7/-/o), m R^. 
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We define w such that 
where 

w = log u — fo + f = log u — V. 
Then adding ([6]) and p^ . we have 

(9ttt; = Agu;, in i?^ 

with the initial data 

ti;(0) =logn(0)-/o + /(0), in R\ 

which is a bounded function in B? by our assumption. By standard compu- 
tations we have, in B?, 

{dt - Ag)u;2 = -2\Vw\^ 

and 

{dt - \)\Vw\'^ = -2\D'^w\^. 

Then we have 

(11) {dt- /^g){t\Vw\'^ + w'^) <Q. 

To apply the maximum principle, we need to verify i\i8Xw{t) is bounded 
in the finite time interval [0,T]. First we note that 

wt = (logu)t + ft = 2R, in R^, 

which is uniformly bounded. Then w{x, t) = w{x, 0) + 2 R is bounded in 
R^ X [0,T] for T > (and so about its derivatives). Hence we can use the 
maximum principle to conclude that 

sup < sup |t(;(x, 0)|. 

i?2 X [0,T] i?2 

With this understanding we use the Bernstein-Shi-Bando trick to (|lip |11] 
to get the estimate that there is a uniform constant C > such that 

\Vw\<Ct~^, in i?^x(0,oo). 

This implies that w converges to a constant c. 

We now can give an outline of the proof of Theorem [3) We shall show in 
next section that f{0) — f = v is uniformly upper bounded. Once this is 
done, we then can conclude that 

(12) u{t) = e"'+^-/(o)+/o 

is uniformly upper bounded, which makes the metric g{t) be uniformly upper 
bounded by a scale of the cigar soliton and the limiting metric ^oo have finite 
width w{goQ), which is the cigar soliton, by using the classification result of 
ancient solutions due to Daskalopoulos and Sesum ^ |5]. This will completes 
the proof of Theorem [31 
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3. MAIN ESTIMATES AND THE PROOF OF THEOREM [3] 

In this section we shall give the uniform upper bound of f , which is enough 
for us to conclude the desired convergence in Cf^^. In fact the limiting metric 
Qoo at time infinity can be obtained by the singularity analysis. 

Recall now that = 9c and ^(O) = UQgc, where gc is the metric of 
the cigar soliton and uq > is a bounded positive function in E? . For 
convenient of the readers, we recall some facts about the cigar soliton in E? 
in the appendix. Good references for this metric are [6] and [2]. The crucial 
fact for the cigar metric is that 

Coo (5c) < oo. 

Note that 

i?(0) = no^(-Ag,logno + i?c). 

Then for u = u{t), 

R{0) = UQ\-uAg log uo + Rc). 

Inserting this into we get that 

{dt - A)v = Aglogno - u'\{0)Rc. 

Let h = V — log Uq. Then we have 

{dt - A)h = -u'^u{0)Rc < 0, in R^ x (0,oo), /i(0) = -logUQ. 

By assumption we have that loguo is bounded. Then as above we can use 
the maximum principle to get the uniform upper bound for h. Then we 
know that v = /(O) — / is uniformly upper bounded in R?, and hence g{t) 
is uniformly controlled by the cigar metric gc up to a factor. Therefore, the 
width 

w{g{t)) < oo 
is uniformly bounded, and then 

w{goo) < oo. 

Then, the limiting metric is a cigar metric and we have completed the proof 
of Theorem [3j 

4. Appendix: Hamilton's cigar soliton 

Since the stability of cigar metric is our main topic here, we prefer to 
review a little more about it. Hamilton's cigar soliton is a special solution 
to the Ricci flow equation of metrics g{t) in R^: 

9t = -Rg, in R^. 

Namely, it is the one-parameter family of complete Riemannian metrics of 
the form 
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in R^. Define the diffeomorphism 

(l)t{a,b) = {e''a,e'%) = ix,y) 

and 

9c{a,b) := (t^tgS) = ^ ^ + 52 ' 

which is the so called the cigar metric. 

We now re-write the cigar metric in polar coordinates (r, 6) with r = 
^/a? + 1)^ such that 

_ dp + rde"^ 

9c — z ; 9 ■ 
1 + 

One can compute that the scalar curvature of Qc is 
and its area element is 

rdrdO 
dvc = ^ . 
1 + 

Let z = a + ^/^b. Then we have 

_Jdzl_ 
1 + |z|^ 

which is the Kahler metric on := C. Define the parameter s such that 

dr 



ds = 



2 ■ 



Then we have 

and 

Then 



1 + r 

s = log(r + a/i + t^) = arcsinhr 
Qc = ds^ + tanh? sdO^ . 



Rc = A{coshs)~'^. 

We now try other method of finding the Ricci potential /o of the metric 
Qc, i-e., 

-^c V72 j: 

-jQc = V /o. 

Wc shall look for / being the radial function /o = fo{s). Define the local 
d_ 
ds 

1 d 

62 



normal frame ei = and 



tanks 89 
. Then 

Y = Y^c(ei,ei) = VV(ei,ei) = /o(s) 

and 

^ = ^5c(e2,e2) = -(Ve2e2)/o. 
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By these relations we find that 

/o = 2 log coshs. 
Let Qc = wo^dx'^ + dy"^) in R^, where 

wo{x,y) = — — — 2 = (coshs)'^. 
1 + + 

The key observation is that we have the relation 

log Wo + /o = 0. 
This fact plays a role in our formulation of Theorem [3l 
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